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Abstract. Geometric function theory is the branch of complex analysis which deals with the geometric properties
of analytic functions. It was founded around the turn of the 20th century and has remained one of the active
fields of the current research. In this paper, we study certain geometric properties like k-uniformly convexity and
k-starlikeness of ¢-Hypergeometric function and then we prove Alexander transform of ¢-Hypergeometric function

is starlike.
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1 Introduction

Let A(ID1(0)) denote the class of analytic functions in the open unit disk D;(0) = {z € C: |z| <
1}. Let C be the class of all functions f € A(D1(0)) which are normalized by f(0) = 0 and
f/(0) = 1 and have the form (Maharana et al., 2018; Mehrez, 2019; Oluwayemi & Faisal, 2021;
Ponnusamy et al., 2011; Ponnusamy & Vuorinen, 2001; Prajapat, 2014, 2011; Purohit, 2012;
Vidyasagar, 2020)

2)=z+ Y an2", z€Di(0). (1)
n=2

Two functions f,g € A(D1(0)) we say that f is subordinated to g in D;(0) and express symbol-
ically f(z) < g(z), if there exists a function w € A(ID1(0)) with |w(z)| < |z|, z € D1(0) such that
f(2) = g(w(2)) in D1(0). Furthermore, if function f is univalent in Dy (0), then g is subordinate
to f provided ¢g(0) = f(0) and g(ID1(0)) C f(ID1(0)). By S we denote the class of all functions
in C which are univalent in D;(0). Let S*(¢), C(c), K(g), S*(¢) and C(e) denote the classes
of starlike, convex, close-to-convex, strongly starlike and strongly convex functions of order e,
respectively, and are defined as

2f'(2)

5*(5):{fec:7ze<

f(2)
C(E)—{fEC:Re<( f((zz)))>>€7 z € D1(0), 0§8<1},

>>5 z € D1(0), 0§6<1},
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K(e) = {fEC:Re<Z‘;(/S)> >e, 2eDi(0), 0<e<1, gES*(O):S*},
§*(e): {feC: arg (?g;)‘ < %W, z € Dy(0), 0§5<1},
" 5(5):{]‘60: arg<1+ZJ{,/;iZ))>‘<Zr, 2 € Dy(0), 0§5<1}.

For more details regarding these classes see Duren (1983); Goodman (1983).
For z € C, the -Hypergeometric function is defined as

a: z = (@), 2"
"% =N W= 2
[ b; (c:4); ] HZ:;) (b)n(c)tr n!” @)
where (v), = T'(y 4+ n)/T'(y), a, £ € C with Re(¢) > 0 and b, ¢ € C\{0,—1,—2,---}. If we put
¢=01n (2), then ¢-H function turns to well known confluent hypergeometric function,

a [aé); (c:0); Z] =1 [Z;; Z} ' (3)

The ¢-H function (2) was recently studied in Chudasama & Dev (2016).
We note that ¢-Hypergeometric function (2) does not belong to the family C. Thus, it is
natural to consider the following normalization of ¢-H function:

2); (c:0); ] )
=z 4+ i (a)n—l " ‘ ( )
i (O)nae), Y (= 1)

Motivated by above works, in this paper we study certain geometric properties like x-uniformly
convexity and k-starlikeness of ¢-Hypergeometric function and then we prove Alexander trans-
form of ¢-Hypergeometric function is starlike. Let k — UCV and xk — ST be the subclasses of
S consisting of functions which are x-uniformly convex and k-starlike, respectively (Kanas &
Wisniowska, 1999, 2000). They are given by,

H(asb; (c,0);2) = zH [

P U A O AN e
K ucv_{fes.R <1+ f,(z)>> il .
zG]Dh(O),mZO},
R P N L
7 {fGS‘R (i) =75 ) o

z€Dy(0),k > O}.
The class of all functions p € A(ID;(0)) with p(0) = 1 satisfying the condition
Rep(z) >¢e, z € Di(0), € €[0,1)

be denoted by P(e). In particular, P(0) = P is the well-known Caratheddory class of functions
with positive real part in D (0) (Goodman, 1983). The following lemmas are useful in the next
section.
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Lemma 1. (Owa et al., 2002) If f € C satisfies the inequality

()] < -

—€
4

, z€Dy(0), € €10,1), (7)

then,
1+e¢

Ref'(z) >
Lemma 2. (Silverman, 1975) Let f € C and € € [0,1), then
(1) f e S*(e) provided

, z€Dq(0), e €[0,1).

S (-l <1—¢ (8)
n=2
(1) f€C(e) provided
Z (n—e¢)ay| <1—e. 9)
Lemma 3. (Kanas & Wisniowska, 1999, 2000) Let f € C. If for some k > 0,
- 1

— Dla,| < —— 10
> nin = Dlanl < (10)

and -
> In+ sl —1)lan| <1, (11)

n=2

then f € k —UCY and f € k — ST, respectively.

2 Main Results

In the sequence, convexity of order e, close-to-convexity of order (1 4+ ¢)/2 for normalized
(-Hypergeometric function H(a;b; (c,f);z) are investigated. Certain sufficient conditions for
H(a; b; (¢, £); z) to be in the classes P(e),S*(¢), C(e),k —UCY and k — ST are also given.

Theorem 1. If a,b,c,/ € R with 0 < a < b, £ > 1 and ¢ > 1+ /3. Then H(a;b;(c,{);2) is
starlike in D1(0) i.e H(a;b; (c,l);-) € S*.

Proof. Let p(z) be the function defined by

_ 2H(a3b; (e, 0); 2)
P2 = b e, 0 2)

, Z € Dl(O).
Since H(a;b; (¢, 0); )

z
we need to show that Re(p(z)) > 0. Since ¢ > 1 and ¢ > 1, it follows that (c),, < (¢)& for all
n € N. So, from the hypothesis,

# 0, the function p is analytic in D1(0) and p(0) = 1. To prove the result,

H' (a3 b; (¢, 0); 2) —

n=1 (12)

- 1
:;c(c—l—l)(c—i—@---(c%—n—l)

1 _ct1
<cnz: c+1 2’
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and
H(a;b;(c,b); z > a), ="
' e )21‘,§<b>(n<)c>£w
=1
212, .
T — c(c+1)(c+2)---(c+n—1)
R | —c—1
>1c;(c+1)”_ c?

From (12) and (13), we have

2H (a;b; (¢, £); 2) 4| - H (a;b; (¢, 0); 2) — 7H(a;b;§c’£);z)
H(a;b; (c, 0); 2) a
c+1

_-— D¢ (0).
2—c—1’ 2 €D (0)

Since ¢ > 1 + /3, it follows that Cfc{ < 1 and hence H(a;b; (c,{); z) is starlike in D1(0). O

c? 1 =

Theorem 2. Ifa,b,c,{ e R with0<a<b, £>1 For0<e<l,let

(2—¢) + Vbe? — 16e + 12
2(1—¢) '

o(e) =

If ¢ > o(e), then H(a;b; (¢, £); 2) is starlike function of order e i.e H(a;b; (c,0);-) € S*(¢).

Proof. Following the proof of Theorem 1, H(a;b;(c,?);z2) is starlike function of order e, if
c+1

5 T <1 — €. This is true from the hypothesis. This completes the proof. O
c?—c—

Theorem 3. Ifa,b,c,/ € R with0<a<b, £>1. For0<e <1, let

(8 —3e) + /172 — 68 + 76
) = 21— ¢) '

If ¢ > 9(g). Then H(a;b; (c,L); z) is convex of order € i.e H(a;b; (c,£);-) € C(g).

Proof. Under the hypothesis, we obtain

‘H’(a; b; (¢, 0); z)} < |1+

n=1
o0
n+1
<14+
2o,
ey (14)
1
=1+ +
2o, o
1 2 1
<1+4+-42
< +C+CZ(C+W
n=0
_02+3c—|—2
— —
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For the reverse inequality, we have

(@), (n+1)z"

In
2 WaoF nl
n+1
>1-
nz::l (©)n
. n =1
—1-— - (15)
2o 2w
SEERED S
- c c (c+1)"
c?—3c—2
From (14) and (15), we obtained
2 —3c—-2 2+ 3c+2
% < ‘Hl(a; b; (c,f);z)’ < o ;_'_ , z € Dq(0). (16)
c c
From (4), we have
121" (a; b; (¢, £); 2)| = i (@) _n(n+1)z"
s Yy ) ’ — (b)n(c)ﬁn nl
n=1 (C)n (17)
4 1 1
ety
oc+1
= 62 .
Now, from (16) and (17), we get
2H"(a;b; (¢, £); 2) 5c+1
D4(0).
H'(a;b; (¢, 0);2) | — 2 —3c—2’ 2 €Du(0)
. . oc+1 .
Since ¢ > 9(¢g), it follows that R y— < 1 —e. Hence, H(a;b; (¢, ¢); z) is convex of order
in Dl(O) O

If we take € = 0 in Theorem 3, then we have the following result.
Corollary 1. Ifa,b,c, € R with0 <a <b, £ >1 and ¢ > 4+ +/19. Then H(a;b; (c,£);-) € C.

Theorem 4. If a,b,c,/ € R with0 <a <b, £>1. For0<e <1, let

10 + 2426 — €
ple)=—5_—-"

+e€

1 1
Ifc > p(e). Then H(a;b; (¢, 0); z) is close-to-convex of order i.e H(a; b; (¢, 0);-) € K ( + 6) .

2

Proof. Using (17) and Lemma 1, we have

< 5¢c+1

|2H" (a;b; (¢, £); 2)| < 2 z € Dy(0).
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5c+1 1-—

1
Since ¢ > p(e), it follows that < 1 ° . this proves that Re(H'(a;b; (¢, 0);2)) > re

2

). a

If we take € = 0 in Theorem 4, then we have the following result.
Corollary 2. Ifa,b,c,f € R with0 <a <b, £ >1 and ¢ > 10 + 2/26. Then H(a;b;(c,{); z) is
1 1
close-to-convez of order B i.e H(a;b; (c,0);-) € K <2> :

2
14+¢

and hence H(a;b; (¢, 0);-) € K (

Theorem 5. Ifa,b,c,/ € R with0<a<b, £>1. For0<e <1, let

1+ V5—4e

veE) =509

If ¢ > 9(g). Then € P(e).

Proof. Let p(z) be the function defined by

_ H(asb; (e, 0);2)/z — €
p(z) = i—9 :

H(a; b; (c,€); 2)

The function p(z) is analytic in D(0) and p(0) = 1. To prove the result, we have to show that
Ip(z) — 1] < 1. If z € D;(0), then

1 & (a), 2"
— 1l = -

I o« 1

< -

“1l-¢ ; (C)n
1 1

N 1—57;6(0—1—1)(64—2)---(0—1—71—1)
1 1~ 1 e+l

T l-cci=(c+ 1) (1 —-¢)
1 < h- .

Since ¢ > ¥ (e), it follows that 2?14—5) < 1. Hence, Hlasbs (¢, 0); 2) € Ple). 0
(1 - z

If we take ¢ = 0 in Theorem 5, then we have the following result.

1 +2\/5' Then H(a; b; (¢, 0); 2)
y4

Theorem 6. Ifa,b,c,/ e R withO0<a<b,c>1andl>1. For0<e <1,
H' (a;b; (¢, £); 1) — eM(a; b; (¢, £);1) < 2(1 —¢).
Then H(a; b; (¢, 0);z) € S*(e).

Corollary 3. Ifa,b,c,{ e Rwith0<a<b, £>1 andc> eP.

Proof. From (4), we have H(a;b; (¢, (); z) = Z+Z Ap—12", where A,,_; = (@1 =g
n=2 (n/_'1>Kb)n—1(C)n—1
Then from the hypothesis, we have

dtn—e)Apa| =D nAp - An
n=2 n=2 n=2

= (H'(a;b; (¢, 0);2) — 1) — e(H(a;b; (¢, £);2) — 1)
=H'(a;b;(c,0);2) — eH(a; b; (¢, £);2) — 1+ ¢
<1l-—e.
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Hence form Lemma 2, H(a;b; (¢, ¢); z) is a starlike of order e. O
Theorem 7. Ifa,b,c,/ e R withO0<a<b,c>1andl>1. For0<e <1,

H(a;b; (¢, 0);1) + (1 —e)H (a3 b; (c, £);1) < 2(1 —e).
Then H(a;b; (¢, 0);z) € C(e).

Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A,,_1 = (@1 TSR
n=2 (n =D b)n-1(¢)py
Then from the hypothesis, we have
Zn(n —e)|Ap—1| = Zn(n — 1A, 1+ (1—¢) ZAn_l
n=2 n=2 n=2

=H"(a;b; (c,0); 1) + (1 — e)(H'(a;b; (¢, £); 1) — 1)

=H"(a;b; (¢, 0); 1) + (1 — e)H(a; b5 (¢, £);1) — (1 —¢)

<1l-—e¢.
Hence form Lemma 2, H(a;b; (¢, ¢); z) is a convex of order e. O
Theorem 8. If a,b,c,l/ € R with 0 < a < b,c > 1,¢ > 1 and k > 0. Then the sufficient
condition for H(a;b; (c,£); z) to be in k — ST s

©_H(a;b; (¢, 0);1) < 2

H' (a3 b; (c,0); 1) —

k+1 K+1
Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A, = (W g
n=2 (n = D)Ub)n-1(c)py
Then from the hypothesis, we have
[e.e] o (e}
it rn =] [Apa|=1+K)> ndn - An
n=2 n=2 n=2
= (1+r)(H'(a;; (¢, £);2) = 1)
— k(H(asb; (¢, £);2) — 1)
= (1 + &)H (a; b; (c, £); 2)
— kH(a;b; (¢, 0);2) — 1
<1.
Hence form Lemma 3, H(a;b; (¢, ¢);2) € k — ST. O

Theorem 9. If a,b,c,{ € R with 0 < a < b,c > 1, > 1 and Kk > 0. Then the sufficient
condition for H(a;b; (c,£); z) to be in k —UCV is

1
"(a;b; (c,0);1) < .
Hasbi (e, 051) < —
Proof. From (4), we have H(a; b; (¢, 0); z) = Z+Z Ap—12", where A,,_1 = (@1 TCsE
=2 (n = 1)!1(0)n-1(c),—1
Then from the hypothesis, we have
> nn=1)|An | = n(n—1)Ap
n=2 n=2
= H"(a; b; (¢, £); 1)
1
< .
T Kk+2
Hence form Lemma 3, H(a;b; (c,¢);2) € Kk —UCV. O

82



K.V. VIDYASAGAR: CERTAIN GEOMETRIC PROPERTIES OF ¢-HYPERGEOMETRIC FUNCTION

For a function f € C given by (1), the Alexander transform A(f) : D;(0) — C is defined by
(see Alexander (2015))

? f(w) = an _n
A(f)z :/0 wa :z—i—nZan :
Theorem 10. Ifa,b,c,f € R with0 < a <b,c>1 and £ > 1. Then the sufficient condition for
A(H(a;b; (c,£);2)) to be in the class 8* is H(a;b; (c,);1) < 2.
Proof. From (4), we have

H(a; b; (¢, 0); 2) > (a)n—1 2n1 > 1
- - L = 1 + — - ]- + A’I’L—lzn )
: g (D)) (= 1! E
where
Apr = ((Z(): _11)
(0)n—1(c)p—y “(n—1)!
Thus,
# b; (¢, t
AM(asb (e, t);2) = [ PGB0,
0 w
(o] Zn
=z+ ZAVL*l; = Zanflz )
n=2 n=1
where a1 = 1, a, = n_l, n > 2. From Lemma 2, we have A(H(a;b;(c,?);2)) € S*(0) = S* if,
Zn!an| <1
n=2
That is
00 00 A,
Z nla,| = Z n !
n=2 n=2
_ = (a)n—1
= O (= 1))
=H(a;b;(c,0);1) —1 < 1.
Which is true, since H(a;b; (¢, £); 1) < 2. This completes the proof. O
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